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Global stabilityAbstract In this article, we study the periodicity, the boundedness and the global stability of the
positive solutions of the following nonlinear difference equation
xnþ1 ¼ Axn þ Bxnk þ Cxnl þ bxnk
dxnk  exnl ; n ¼ 0; 1; 2; . . .
where the coefﬁcients A;B;C; b; d; e 2 ð0;1Þ, while k and l are positive integers. The initial
conditions xl; . . . ; xk; . . . ; x1; x0 are arbitrary positive real numbers such that k < l. Some
numerical examples will be given to illustrate our results.
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The qualitative study of difference equations is a fertile
research area and increasingly attracts many mathematicians.
This topic draws its importance from the fact that many real
life phenomena are modeled using difference equations.
Examples from economy, biology, etc. can be found in [1–6].
It is known that nonlinear difference equations are capableof producing a complicated behavior regardless its order. This
can be easily seen from the family xnþ1 ¼ gl xnð Þ, l > 0, nP 0.
This behavior is ranging according to the value of l, from the
existence of a bounded number of periodic solutions to chaos.
There has been a great interest in studying the global attr-
activity, the boundedness character and the periodicity nature
of nonlinear difference equations. For example, in the articles
[7–13] closely related global convergence results were obtained
which can be applied to nonlinear difference equations in prov-
ing that every solution of these equations converges to a period
two solution. For other closely related results (see [14–23]) and
the references cited therein. The study of these equations is
challenging and rewarding and is still in its infancy. We believe
that the nonlinear rational difference equations are of para-
mount importance in their own right. Furthermore the results
about such equations offer prototypes for the development of
Dynamics of the nonlinear rational difference equation 495the basic theory of the global behavior of nonlinear difference
equations.
The objective of this article is to investigate some qualita-
tive behavior of the solutions of the nonlinear difference
equation
xnþ1 ¼ Axn þ Bxnk þ Cxnl þ bxnk
dxnk  exnl ; n
¼ 0; 1; 2; . . . ð1Þ
where the coefﬁcients A;B;C; b; d; e 2 ð0;1Þ, while k and l are
positive integers. The initial conditions xl; . . . ; xk; . . . ; x1; x0
are arbitrary positive real numbers such that k < l. Note that
the special cases of Eq. (1) have been studied discussed in
[24] when B ¼ C ¼ 0, and k ¼ 0; l ¼ 1; b is replaced by  b
and in [25] when B ¼ C ¼ 0, and k ¼ 0; b is replaced by  b
and in [26] when A ¼ C ¼ 0; l ¼ 0; b is replaced by  b and
in [27] when B ¼ C ¼ 0; l ¼ 0.
Our interest now is to study behavior of the solutions of Eq.
(1) in its general form. For the related work (see [28–30]). Let
us now recall some well known results [2] which will be useful
in the sequel.
Deﬁnition 1. Consider a difference equation in the form
xnþ1 ¼ Fðxn; xnk; xnlÞ; n ¼ 0; 1; 2; . . . ð2Þ
where F is a continuous function, while k and l are positive
integers such that k < l. An equilibrium point ex of this equa-
tion is a point that satisﬁes the condition ex ¼ F ex; ex; exð Þ. That
is, the constant sequence xnf g with xn ¼ ex for all
nP kP l is a solution of that equation.
Deﬁnition 2. Let ex 2 0;1ð Þ be an equilibrium point of Eq. (2).
Then we have
(i) An equilibrium point ex of Eq. (2) is called locally stable
if for every e > 0 there exists d > 0 such that, if
xl; . . . ; xk ; . . . ; x1; x0 2 ð0;1Þ with xl  exj j þ   
þ xk  exj j þ    þ x1  exj j þ x0  exj j < d, then xn  exj j
< e for all nP k P l.
(ii) An equilibrium point ex of Eq. (2) is called locally asymp-
totically stable if it is locally stable and there exists c > 0
such that, if xl; . . . ; xk ; . . . ; x1; x0 2 ð0;1Þ with
xl  exj j þ . . . þ xk  exj j þ . . . þ x1  exj j þ x0  exj j
< c, thenlim
n!1
xn ¼ ex:
An equilibrium point ex of Eq. (2) is called a global(iii)
attractor if for every xl; . . . ; xk ; . . . ; x1; x0 2 ð0;1Þ
we havelim
n!1
xn ¼ ex:
An equilibrium point ex of Eq. (2) is called globally(iv)
asymptotically stable if it is locally stable and a global
attractor.
(v) An equilibrium point ex of Eq. (2) is called unstable if it is
not locally stable.
Deﬁnition 3. A sequence xnf g1n¼l is said to be periodic with
period r if xnþr ¼ xn for all nP p. A sequence xnf g1n¼l is saidto be periodic with prime period r if r is the smallest positive
integer having this property.
Deﬁnition 4. Eq. (2) is called permanent and bounded if there
exists numbers m and M with 0 < m < M < 1 such that for
any initial conditions xl; . . . ; xk; . . . ; x1; x0 2 ð0;1Þ there
exists a positive integer N which depends on these initial
conditions such that
m 6 xn 6M for all nP N:
Deﬁnition 5. The linearized equation of Eq. (2) about the
equilibrium point ex is deﬁned by the equation
znþ1 ¼ q0zn þ q1znk þ q2znl ¼ 0; ð3Þ
where
q0 ¼
@Fðex; ex; exÞ
@xn
; q1 ¼
@Fðex; ex; exÞ
@xnk
; q2 ¼
@Fðex; ex; exÞ
@xnl
:
The characteristic equation associated with Eq. (3) is
q kð Þ ¼ klþ1  q0kl  q1klk  q2 ¼ 0: ð4Þ
Theorem 1 [2]. Assume that F is a C1 – function and let ex be an
equilibrium point of Eq. (2). Then the following statements are
true.
(i) If all roots of Eq. (4) lie in the open unit disk kj j < 1, then
the equilibrium point ex is locally asymptotically stable.
(ii) If at least one root of Eq. (4) has absolute value greater
than one, then the equilibrium point ex is unstable.
(iii) If all roots of Eq. (4) have absolute value greater than
one, then the equilibrium point ex is a source.
Theorem 2 [3]. Assume that q0; q1 and q2 2 R. Then
q0j j þ q1j j þ q2j j < 1; ð5Þ
is a sufﬁcient condition for the asymptotic stability of Eq. (2).
Theorem 3 [2]. Consider the difference Eq. (2). Let ex 2 I be an
equilibrium point of Eq. (2). Suppose also that
(i) F is a nondecreasing function in each of its arguments.
(ii) The function F satisﬁes the negative feedback property
F x; x; xð Þ  x½  x exð Þ < 0 for all x 2 I exf g;
where I is an open interval of real numbers. Then ex is global
attractor for all solutions of Eq. (2).2. The local stability of the solutions
The equilibrium point ex of Eq. (1) is the positive solution of
the equation
ex ¼ Aþ Bþ Cð Þex þ bex
d eð Þex ; ð6Þ
where d – e. If Aþ Bþ Cð Þ  1½  e dð Þ > 0, then the only
positive equilibrium point ex of Eq. (1) is given by
ex ¼ b
Aþ Bþ Cð Þ  1½  e dð Þ : ð7Þ
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F : ð0;1Þ3!ð0;1Þ which is deﬁned by
Fðu0; u1; u2Þ ¼ Au0 þ Bu1 þ Cu2 þ bu1
du1  eu2ð Þ ; ð8Þ
provided du1 – eu2. Consequently, we get
@Fðex;ex;exÞ
@u0
¼ A ¼ q0;
@Fðex;ex;exÞ
@u1
¼ B e AþBþCð Þ1½ 
edð Þ ¼ q1;
@Fðex;ex;exÞ
@u2
¼ Cþ e AþBþCð Þ1½ 
edð Þ ¼ q2;
8>>>><
>>>>:
ð9Þ
where e– d. Thus, the linearized equation of Eq. (1) about ex
takes the form
znþ1  q0zn  q1znk  q1znl ¼ 0; ð10Þ
where q0; q1 and q2 are given by (9).
Theorem 4. Assume that e – d;Aþ Bþ C – 1 and
A e dð Þj j þ B e dð Þ  e Aþ Bþ Cð Þ  1½ j j
þ C e dð Þ þ e Aþ Bþ Cð Þ  1½ j j
< e dj j; ð11Þ
then the equilibrium point (7) of Eq. (1) is locally asymptoti-
cally stable.
Proof. From (9) and (11) we deduce that q0j j þ q1j j þ q2j j < 1,
and hence the proof follows with the aid of Theorem 2. h3. Periodic solutions
In this section, we study the existence of periodic solutions of
Eq. (1). The following theorem states the necessary and sufﬁ-
cient conditions that the Eq. (1) has periodic solutions of prime
period two.
Theorem 5. If k and l are both even positive integers, then Eq.
(1) has no prime period two solution.
Proof. Assume that there exist distinct positive solutions
. . . ;P;Q;P;Q; . . . ð12Þ
of prime period two of Eq. (1). If k and l are both even positive
integers, then xn ¼ xnk ¼ xnl. It follows from Eq. (1) that
P ¼ Aþ Bþ Cð ÞQ b
e dð Þ ; ð13Þ
and
Q ¼ Aþ Bþ Cð ÞP b
e dð Þ : ð14Þ
By subtracting (14) from (13), we get
PQð Þ Aþ Bþ Cð Þ þ 1½  ¼ 0: ð15Þ
Since Aþ Bþ Cþ 1 – 0, then P ¼ Q. This is a contradiction.
Thus, the proof is now completed. h
Theorem 6. If k and l are both odd positive integers and
Aþ 1– Bþ C, then Eq. (1) has no prime period two solution.Proof. Following the proof of Theorem 5, we deduce that if k
and l are both odd positive integers, then xnþ1 ¼ xnk ¼ xnl. It
follows from Eq. (1) that
P ¼ AQþ Bþ Cð ÞP b
e dð Þ ; ð16Þ
and
Q ¼ APþ Bþ Cð ÞQ b
e dð Þ : ð17Þ
By subtracting (17) from (16), we get
PQð Þ A Bþ Cð Þ þ 1½  ¼ 0: ð18Þ
Since A Bþ Cð Þ þ 1– 0, then P ¼ Q. This is a contradic-
tion. Thus, the proof is now completed. h
Theorem 7. If k is even and l is odd positive integers, then Eq.
(1) has prime period two solution if the condition
1 Cð Þ 3e dð Þ < eþ dð Þ Aþ Bð Þ; ð19Þ
is valid, provided C < 1 and e 1 Cð Þ  d Aþ Bð Þ > 0.
Proof. If k is even and l is odd positive integers, then xn ¼ xnk
and xnþ1 ¼ xnl. It follows from Eq. (1) that
P ¼ Aþ Bð ÞQþ CP bQ
eP dQð Þ ; ð20Þ
and
Q ¼ Aþ Bð ÞPþ CQ bP
eQ dPð Þ : ð21Þ
Consequently, we get
eP2  dPQ ¼ e Aþ Bð ÞPQ d Aþ Bð ÞQ2 þ eCP2
 CdPQ bQ; ð22Þ
and
eQ2  dPQ ¼ e Aþ Bð ÞPQ d Aþ Bð ÞP2 þ eCQ2
 CdPQ bP: ð23Þ
By subtracting (23) from (22), we get
PþQ ¼ b
e 1 Cð Þ  d Aþ Bð Þ½  ; ð24Þ
where e 1 Cð Þ  d Aþ Bð Þ > 0. By adding (22) and (23), we
obtain
PQ ¼ eb
2 1 Cð Þ
eþ dð Þ 1 Cð Þ þ Aþ Bð Þ½  e 1 Cð Þ  d Aþ Bð Þ½ 2 ;
ð25Þ
where C < 1. Assume that P and Q are two positive distinct
real roots of the quadratic equation
t2  PþQð Þtþ PQ ¼ 0: ð26Þ
Thus, we deduce that
PþQð Þ2 > 4PQ: ð27Þ
Substituting (24) and (25) into (17), we get the condition (19).
Thus, the proof is now completed. h
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(1) has prime period two solution if the condition
Aþ Cð Þ 3e dð Þ < eþ dð Þ 1 Bð Þ; ð28Þ
is valid, provided B < 1 and d 1 Bð Þ  e Aþ Cð Þ > 0.
Proof. If k is odd and l is even positive integers, then
xnþ1 ¼ xnk and xn ¼ xnl. It follows from Eq. (1) that
P ¼ Aþ Cð ÞQþ BP bP
eQ dPð Þ ; ð29Þ
and
Q ¼ Aþ Cð ÞPþ BQ bQ
eP dQð Þ : ð30Þ
Consequently, we get
PþQ ¼ b
d 1 Bð Þ  e Aþ Cð Þ½  ; ð31Þ
where d 1 Bð Þ  e Aþ Cð Þ > 0,
PQ ¼ eb
2 Aþ Cð Þ
eþ dð Þ 1 Bð Þ þ Aþ Cð Þ½  d 1 Bð Þ  e Aþ Cð Þ½ 2 ;
ð32Þ
where B < 1. Substituting (31) and (32) into (27), we get the
condition (28). Thus, the proof is now completed. h4. Boundedness of the solutions
In this section, we investigate the boundedness of the positive
solutions of Eq. (1).
Theorem 9. Let xnf g be a solution of Eq. (1). Then the
following statements are true:
(i) Suppose b < d and for some N P 0; the initial conditions
xNlþ1; . . . ; xNkþ1; . . . ; xN1; xN 2 b
d
; 1
 
;are valid, then for b – e and d2 – be, we have the
inequalityb
d
Aþ Bþ Cð Þ þ b
2
d2  be  6 xn
6 Aþ Bþ Cð Þ þ b
b eð Þ ; ð33Þfor all nP N.
(ii) Suppose b > d and for some N P 0; the initial conditions
xNlþ1; . . . ; xNkþ1; . . . ; xN1; xN 2 1; b
d
 
;are valid, then for b – e and d2 – be, we have the
inequalityAþ Bþ Cð Þ þ b
b eð Þ 6 xn 6
b
d
Aþ Bþ Cð Þ þ b
2
d2  be  ;
ð34Þfor all nP N.Proof. First of all, if for some NP 0, b 6 xN 6 1 and b – e,d
we have
xNþ1 ¼ AxN þ BxNk þ CxNl þ bxNk
dxNk  exNl
6 Aþ Bþ Cþ bxNk
dxNk  exNl : ð35Þ
But, it is easy to see that dxNk  exNl P b e, then for
b– e, we get
xNþ1 6 Aþ Bþ Cþ b
b e : ð36Þ
Similarly, we can show that
xNþ1 P
b
d
Aþ Bþ Cð Þ þ bxNk
dxNk  exNl : ð37Þ
But, one can see that dxNk  exNl 6 d2bed , then for d2 – be,
we get
xNþ1 P
b
d
Aþ Bþ Cð Þ þ b
2
d2  be : ð38Þ
From (36) and (38) we deduce for all nP N that the inequality
(33) is valid. Hence, the proof of part (i) is completed.
Similarly, if 1 6 xN 6 bd, then we can prove part (ii) which is
omitted here for convenience. Thus, the proof is now
completed. h
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In this section we study the global asymptotic stability of the
positive solutions of Eq. (1).
Theorem 10. If 0 < Aþ Bþ C < 1 and e– d, then the equilib-
rium point ex given by (7) of Eq. (1) is global attractor.
Proof. We consider the following function
Fðx; y; zÞ ¼ Axþ Byþ Czþ by
dy ezð Þ ; ð39Þ
where dy– ez, provided that B dy ezð Þ2 > ez and
C dy ezð Þ2 þ bey > 0. It is easy to verify the condition (i) of
Theorem 3. Let us now verify the condition (ii) of Theorem 3
as follows:
Fðx; x; xÞ  x½  x exð Þ ¼ Aþ Bþ Cð Þx b
e d x
 
 x b
Aþ Bþ Cð Þ  1½  e dð Þ
 
¼ x e dð Þ Aþ Bþ Cð Þ  1½   b
e d
 2
 1
Aþ Bþ Cð Þ  1½  :
ð40Þ
Since 0 < Aþ Bþ C < 1 and e – d, then we deduce from (40)
that
Fðx; x; xÞ  x½  x exð Þ < 0: ð41Þ
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Fig. 1 xnþ1 ¼ 300xn þ 200xn þ 200xn2 þ 100xn4 þ 50xn230xn2þ20xn4 .
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Fig. 2 xnþ1 ¼ 100xn þ 50xn1 þ 25xn3 þ 5xn13xn1þ2xn3.
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is now completed. h
On combining the two Theorems 4 and 10, we have the
result.
Theorem 11. The equilibrium point ex given by (7) of Eq. (1) is
globally asymptotically stable.6. Numerical examples
In order to illustrate the results of the previous section and to
support our theoretical discussions, we consider some numer-
ical examples in this section. These examples represent differ-
ent types of qualitative behavior of solutions of Eq. (1).
Example 1. Fig. 1, shows that Eq. (1) has no prime period two
solutions if k ¼ 2, l ¼ 4, x4 ¼ 1, x3 ¼ 2, x2 ¼ 3; x1 ¼ 4,
x0 ¼ 5, A ¼ 300, B ¼ 200, C ¼ 100, b ¼ 50, d ¼ 30, e ¼ 20.Example 2. Fig. 2, shows that Eq. (1) has no prime period two
solutions if k ¼ 1, l ¼ 3, x3 ¼ 1, x2 ¼ 2, x1 ¼ 3, x0 ¼ 4,
A ¼ 100, B ¼ 50, C ¼ 25, b ¼ 5, d ¼ 3, e ¼ 2.
Example 3. Fig. 3, shows that Eq. (1) is globally asymptoti-
cally stable if x4 ¼ 1, x3 ¼ 2, x2 ¼ 3, x1 ¼ 4, x0 ¼ 5,
A ¼ 0:4, B ¼ 0:3, C ¼ 0:2, b ¼ 5, d ¼ 1, e ¼ 2.7. Conclusions
We have discussed some properties of the nonlinear rational
difference Eq. (1), namely the periodicity, the boundedness
and the global stability of the positive solutions of this equa-
tion. We gave some ﬁgures to illustrate the behavior of these
solutions. Our results in this article can be considered as a
more generalization than the results obtained in Refs. [24–
27]. Note that Example 1 veriﬁes Theorem 5 which shows that
if k and l are both even positive integers, then Eq. (1) has no
prime period two solution. But Example 2 veriﬁes Theorem 6
which shows that if k and l are both odd positive integers, then
Eq. (1) has no prime period two solution, while Example 3 ver-
iﬁes Theorem 11 which shows that Eq. (1) is globally asymp-
totically stable.
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